Abstract: The paper is devoted to stability and stabilization of the evolution equations arising from mathematical modeling of hybrid mechanical systems with flexible parts. A sufficient condition is obtained for partial strong asymptotic stability of nonlinear, infinite-dimensional dynamic systems in Banach spaces. This result is applied to deriving a control law that stabilizes a part of the variables describing a rotating rigid body endowed with a number of elastic beams. Results of numerical simulations are presented.
INTRODUCTION
In recent years, the problems of modeling and control for mechanical systems consisting of coupled absolutely rigid and elastic parts become an important research area. On one hand, these systems are widely used in the engineering practice (robots with controlled flexible manipulators, spacecrafts containing elastic antennas and solar panels, etc.) On the other hand, the motion of such hybrid systems is generally described by a set of coupled nonlinear ordinary and partial differential equations, that gives rise to series of mathematical control theory problems concerning the evolution equations in infinite-dimensional spaces (Curtain and Zwart, 1995; Fattorini, 1999) . In particular, stability and stabilization of rigid bodies with flexible attachments has been intensively studied in (Balas, 1978; Krishnaprasad and Marsden, 1987; Nabiullin, 1990; Mörgul, 1991; Xu and Baillieul, 1993; H. Laousy and Sallet, 1996; Coron and d'Andrea Novel, 1998; H.X. Li, 2000) .
The goal of this paper is to investigate the partial stability and stabilizability of nonlinear infinitedimensional ordinary differential equations arising from the modeling of hybrid systems.
The paper is organized as follows. In Section 2 we consider the Cauchy problem for the abstract differential equation evolving in a Banach space. Then we prove the basic result on partial asymptotic stability. Section 3 is devoted to mathematical modeling of the hybrid system consisting of a rigid body and several elastic beams. Within the framework of Lagrangian formalism we obtain the equations of motion for such infinite-dimensional system. In Section 4 we construct a stabilizing feedback law for the model considered.
PARTIAL STRONG ASYMPTOTIC STABILITY OF INFINITE -DIMENSIONAL SYSTEMS
Consider the abstract differential equation
It is supposed that X is a Banach space, and that the densely defined (nonlinear) operator F : Dom F → X generates a strongly continuous semigroup of opera-
Thus, the Cauchy problem (2.1) is well-posed (Fattorini, 1999, Chap. 5 .2), and the mild solution of (2.1) is defined by
Now we introduce the notion of partial stability for the infinite dimensional system (2.1). Consider the linear bounded operator
Definition 2.1. The system (2.1) is said to be strongly asymptotically stable with respect to Π if the following conditions hold:
(1) for each ε > 0 there exists δ > 0 such that
Here · denotes the norm in X.
In particular case, if (2.2) is the identity operator, the above definition is equivalent to that of strong asymptotic stability. If the operator (2.2) projects X onto some linear subspace X 1 ⊂ X, then Definition 2.1 states asymptotic stability with respect to a part of the state variables characterizing X 1 .
We shall use Lyapunov's direct method in order to find out an effective condition ensuring partial stability of the infinite-dimensional autonomous system (2.1). Suppose that V : X → R is a differentiable functional in the sense of Frechét. The derivative of V by virtue of (2.1) at x ∈ X is defined aṡ
The above expression can also be written in the terms of vector fieldsV
where [·, ·] : X * × X → R is the duality pairing of X and X * , i.e. [DV, y] is the value of the linear functional DV ∈ X * at y ∈ X. In particular, when X is a Hilbert space, (2.4) takes the following forṁ
(2.5)
Here ·, · denotes the scalar product in X, ∇ is the gradient operator.
To formulate the result on partial stability we introduce the class K : [0, +∞) → [0, +∞) consisting of all continuous strictly increasing functions. (1) There exist α 1 , α 2 ∈ K such that
precompactness of the trajectories). (4) The set
does not contain any semitrajectory of (2.1) defined for t ∈ [0, +∞).
Then the system (2.1) is strongly asymptotically stable with respect to Π.
The proof is divided in two parts. First we prove the stability with respect to Π by extending the Rumyantsev's theorem (Rumyantsev and Oziraner, 1987 , Theorem 5.1), (Vorotnikov, 1998) for the case of Banach space. Then we apply an infinite-dimensional modification of the Barbashin -Krasovskii -LaSalle invariance principle.
Since V is differentiable and S(t) is a strongly continuous semigroup, then the function V (S(t)x 0 ) is absolutely continuous on [0, +∞) for any fixed x 0 ∈ X. Therefore,
(2.8) The inequality (2.7) together with (2.8) implies that
By combining the above inequality with (2.6), we get
where the function α 1 −1 (p) exists and increases at least for small enough p > 0, since α 1 (·) is strictly increasing. Therefore, the function
is continuous, nonnegative and strictly increasing on
In order to finish the proof, it is sufficient to establish the existence of limit (2.3). Let x 0 < ∆. The condition 3 of Theorem implies that the corresponding semitrajectory
has a nonempty and compact ω-limit set, say Ω(x 0 ). By Hale's theorem (Hale, 1969) , (Shestakov, 1990, p. 16) , Ω(x 0 ) ⊆ Θ, where Θ is the largest invariant subset of
Since the operator (2.2) is continuous, it is sufficient to prove that
(2.10)
To prove (2.10) let us suppose the contrary. Assume that there exists somex ∈ Ω(x 0 ), Πx = 0. Sincẽ x ∈ Θ and Θ is invariant, then
If ΠS(t)x = 0 for all t ∈ [0, +∞) then (2.11) collides with the condition 4 of Theorem. Otherwise there exists T > 0 such that ΠS(T )x = 0, ΠS(0)x = 0. But the above contradicts to the condition 5. Therefore,
Remark 2.1. For the finite-dimensional case, when x ∈ X = R n and
the above theorem is analogous to the result by C. Risito (Rumyantsev and Oziraner, 1987, p. 99 ).
MODELING OF A RIGID BODY WITH ELASTIC ATTACHMENTS
In this chapter we consider a mechanical system on the plane consisting of a rigid body and k elastic beams. The rigid body can rotate around fixed point O by angle θ (Figure 1 
, then evolution of the system is defined by the following functions:
If θ(t) ≡ const, then w i (x, t) satisfy to the equation of thin elastic beams:
and the boundary conditions: It is supposed that c = const > 0 and w i (x, t) ∈ H for all i = 1, k, where
we get the following Sturm -Liouville problem on u(x):
The above problem has an orthogonal sequence of eigenfunctions u n (x), and a corresponding sequence of eigenvalues λ n ∈ R such that 0 < λ 1 < λ 2 < ... < λ n → ∞ as n → ∞, and u n (x) L 2 (0,l) = 1. It is well-known fact that the system of functions {u n (x)} ∞ n=1 is complete in L 2 (0, l). So, any w i (x, t) satisfying the boundary conditions (3.2) admits the following representation
where q in (t) is the generalized elastic coordinate corresponding to the n-th eigenvibration.
The issues of mathematical modeling of hybrid systems consisting of rigid and deformable bodies has been the subject of several investigations (see e.g. (Lurie, 1961, Chap. 9) , (Potapenko, 1990; Baillieul and Levi, 1991) ). We shall use the equations of motion in the form of Lagrange.
The Lagrangian of the system considered is
, J 0 > 0 is the moment of inertia of the rigid body, ρ is the density of beam, J n = ρ l 0 (x + d)u n (x)dx, U is the potential of elastic forces:
Now one can write the Lagrange's equations of motion:
.). (3.3)
Here M is the control torque. Straightforward calculations show that
The next step is to prove that
The above inequality easily follows from the definition of J n and Bessel's inequality. Hence, the denominator of
5) is strictly positive for all q in (t).
It can be shown that the space H for w i (x, t) imposes the following restriction on q in ,q in :
To satisfy this requirement, we introduce new variables
∈ l 2 . By applying the above transformation together with (3.5), we getθ
One more transformation
yields us the following evolution equation in l 2 : θ = v; Q n = c λ n P n ;
ATTITUDE STABILIZATION
The control system (3.6), (3.7) can be written as follows:
The operators A, R are given by their matrices
Here
The linear unbounded operator A : Dom A → l 2 is closed, and Assume for a while that there exists a functional v : l 2 → R ensuring strong stability of the equilibrium for (4.1). Then there are some positive constants ∆ and M , such that x 0 < ∆ implies
is also Lipschitz in B M . In this case the Cauchy problem is well-posed for x 0 < ∆, because the closed-loop solutions are generated by a Lipschitz perturbation of the operator A (Pazy, 1983, Chap. 6) .
It is clear that, if k > 1 and sup t≥0 |θ(t)| < c √ λ 1 for any solution starting from small enough neighborhood of the origin, then (4.1) is stable with respect to the variablesQ in ,P in , and the above type of stability is not asymptotic. Our goal is to find a feedback control ensuring asymptotic stability of (4.1) with respect to the variables θ,θ, Q n , P n .
For this reason we define the following linear bounded operator in l 2 :
It is easy to see that
is invariant for the evolution equation (4.1) when v = 0.
Since the original system (3.4) is Lagrangian, we shall use the following energy-based Lyapunov functional:
By applying the Sylvester criterion, it is easy to check that the quadratic part of (4.3) is positively defined with respect to the variables appearing in the righthand side of (4.2). Hence, V satisfies the first condition of Theorem 2.1.
We use the expression (2.5) to calculateV .
The formula (4.4) suggest that, to ensure (2.7) it is natural to supposeV = −hθ 2 , where h is a positive constant. Then the corresponding feedback law should be as follows:
Let us remark that the feedback control (4.5) doesn't depend onQ in ,P in . Therefore, any solution of the complete system (4.1), (4.5) can be obtained by solving (3.6), (4.5) and subsequent substitutingθ(t) into (3.7).
Precompactness of the trajectories of (3.6), (4.5) is established by applying the same technique as in (Coron and d'Andrea Novel, 1998) .
To conclude the proof that (4.5) ensures asymptotic stability of (4.1) with respect to (4.2), one has to check the condition 4 of Theorem 2.1. The closed-loop system (4.1), (4.5) on the manifold
takes the following form:
By solving the above linear equations with respect to Q n , P n we get
where the constants C in are defined by the initial conditions. Since the left-hand side of (4.5) is zero on Z, then substitution of (4.6) into (4.5) yields
(4.7) Assume that the closed-loop system has a semitrajectory on Z defined for t ≥ 0. Then (4.7) holds for some constants θ 0 , C in . The system of functions {1, sin λ n τ, cos λ n τ : τ ≥ 0, n ∈ N} is linearly independent (see e.g. (Krabs, 1992) ). This implies that θ 0 = C 1n = C 2n = 0, n ∈ N in (4.7) (because of cJ n √ λ n = 0). It means that any positive trajectory from Z belongs to Ker Π, so the condition 4 of Theorem 2.1 holds.
Hence, the feedback control (4.5) ensures asymptotic stability of the control system (4.1) with respect to the variables appearing in the right-hand side of (4.2).
Remark 4.1. If we consider a finite-dimensional approximation of the system (4.1), then its partial stabilizability can be investigated by means of (Zuyev, 2000, Theorem 5 ).
NUMERICAL SIMULATIONS
Consider the case k = 2. In this section we present the results of numerical simulations for the closedloop system obtained from (4.1), (4.5) by discarding the terms with n > 5. It is easy to see that (5.1) impliesQ 1n (t) = 0, P 1n (t) = 0 for all t ≥ 0. The above illustrations show that the feedback law (4.5) is able to stabilize the system even if θ(0) is not so small.
